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Introduction Our Abstract Domain Results & Conclusions

Objective

x := A[1] ; i := 2 ; j := n ;
while i ≤ j do

if A[i ] < x then
A[i − 1] := A[i ] ;
i := i + 1

else
while j ≥ i and A[j ] ≥ x do

j := j − 1

if j > i then
A[i − 1] := A[j ]; A[j ] := A[i ] ; i := i + 1 ; j := j − 1

A[i − 1] := x ;

simple programs

properties to discover
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Introduction Our Abstract Domain Results & Conclusions

Objective

x := A[1] ; i := 2 ; j := n ;
while i ≤ j do

if A[i ] < x then
A[i − 1] := A[i ] ;
i := i + 1

else
while j ≥ i and A[j ] ≥ x do

j := j − 1

if j > i then
A[i − 1] := A[j ]; A[j ] := A[i ] ; i := i + 1 ; j := j − 1

A[i − 1] := x ;

simple programs

one-dimensional arrays
indexed by cte or var + cte

properties to discover

Discovering Properties about Arrays in Simple Programs N. Halbwachs and M. Péron - PLDI’08 - 2/10
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Introduction Our Abstract Domain Results & Conclusions

Related Abstract Domains

summarization
[Astrée team 03]

[Gopan et al 04]

summarization
+ partitioning
[Gopan et al 05]

∀-quantified
domain
[Gulwani et al 08]

n i
x

1 n
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summarization
[Astrée team 03]

[Gopan et al 04]

summarization
+ partitioning
[Gopan et al 05]

∀-quantified
domain
[Gulwani et al 08]

n
x
i

b
a

1 ≤ a ≤ 5

1 n

Abstract each array A by one variable a

interpretation: ∀`, 1 ≤ ` ≤ n⇒ 1 ≤ A[`] ≤ 5

assignment A[i ] := expr is weak assignment to variable a:

if ? then a← expr

e.g. {a ≥ 10} A[i ] := 9 {a ≥ 9}
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b
a
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1 n

Conclusion:

you can only loose information
(weak assignment, and no gained from conditionals)

only unary properties discovered
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n i
x

b1
a1

a2 a3

1 ≤ a1 ≤ 5 a2 = 0

1 n

a3 = 0

i

Partition each array A into symbolic slices and abstract them by
variables ap

interpretation: (∀`, 1 ≤ ` < i ⇒ 1 ≤ A[`] ≤ 5)∧A[i ] = 0∧ . . .

assignment A[i ] := expr is strong assignment to variable a2:

a2 ← expr
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1 ≤ a1 ≤ 5 a2 = 0

1 n

a3 = 0

i

Conclusion:

only unary properties discovered

relations between array elements can be checked

e.g. {∀`, 1 ≤ ` < i ⇒ A[`] = B[`]}
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∀k1∀k2, i ≤ k1 < k2 ≤ n⇒ A[k1] ≤ A[k2]

Formulas over universally quantified variables kp, using uninterpreted
functions to represent array accesses

highly expressive properties inferred (templates: A[?] ≤ A[?])

sometimes no such expressiveness is required:

∀`, i < ` ≤ n⇒ A[`− 1] ≤ A[`]

Discovering Properties about Arrays in Simple Programs N. Halbwachs and M. Péron - PLDI’08 - 3/10
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Our Proposition

summarization
[Astrée team 03]

[Gopan et al 04]

summarization
+ partitioning
[Gopan et al 05]

partitioning
+ slice
properties

∀-quantified
domain
[Gulwani et al 08]

n i
x

a

b

b
a

a b
1 ni

µ1 : a ≤ b ≤ a + 5 µ2 : a = b µ3 : >

Partition arrays into symbolic slices and associate them properties
with element-wise semantics

interpretation: (∀`, 1 ≤ ` < i ⇒ A[`] ≤ B[`] ≤ A[`] + 5) ∧ . . .

assignment A[i ] := expr is strong assignment to a in µ2:

µ2  µ2[a← expr ]
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b
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1 ni
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Conclusion:

relational properties can be discovered . . .

. . . that hold strictly within same symbolic slice
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Introduction Our Abstract Domain Results & Conclusions

Abstract Values

Properties to discover

Abstract values

, over {ϕp}p∈P

(ρ, {µp}p∈P)

parameterized
LN lattice for indices, LC lattice for contents

partition based
e.g. 1 ≤ ` ≤ i {ϕp}p∈P ϕp ∈ LN

slice variables
A[` + c] represented by var. ac {µp}p∈P µp ∈ LC
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Introduction Our Abstract Domain Results & Conclusions

Abstract Values

Properties to discover

about indices ρ(i , j , n . . .)
about arrays: use 1 ∀var, `
unary or relational

∧
ϕ(`, i , j , n . . .) ⇒ µ(A[` + c1],B[` + c2], x . . .)

Abstract values

, over {ϕp}p∈P

(ρ, {µp}p∈P)

parameterized
LN lattice for indices, LC lattice for contents

partition based
e.g. 1 ≤ ` ≤ i {ϕp}p∈P ϕp ∈ LN

slice variables
A[` + c] represented by var. ac {µp}p∈P µp ∈ LC

Discovering Properties about Arrays in Simple Programs N. Halbwachs and M. Péron - PLDI’08 - 5/10
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Introduction Our Abstract Domain Results & Conclusions

Abstract Values (Example 1)

parameters LN = potential constraints, LC = equations

partition

ϕ1 : 1 ≤ ` < i ≤ n
ϕ2 : 1 ≤ ` = i ≤ n
ϕ3 : 1 ≤ i < ` ≤ n

1 ni

ϕ2 ϕ3ϕ1

abstract value
ρ : 1 ≤ i ≤ n
µ1 : a0 = b0

µ2 : >C

µ3 : >C


1 ni

>C >Ca0 = b0

interpretation

1 ≤ i ≤ n ∧ ∀`, 1 ≤ ` < i ⇒ A[`] = B[`]
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1 n i
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Abstract Values (Example 2)

parameters LN = potential constraints, LC = comparisons

partition

ϕ1 : 1 = ` ≤ n
ϕ2 : 2 ≤ ` < i ≤ n
ϕ3 : 2 ≤ ` = i ≤ n
ϕ4 : 2 ≤ i < ` ≤ n

1 ni

ϕ1 ϕ2 ϕ3 ϕ4

abstract value
ρ : 2 ≤ i ≤ n
µ1 : >C

µ2 : a−1 ≤ a0

µ3 : a0 = x
µ4 : >C


1 ni

>C >Ca−1 ≤ a0 a0 = x

interpretation

2 ≤ i ≤ n ∧ ∀`, 2 ≤ ` < i ⇒ A[`− 1] ≤ A[`] ∧ A[i ] = x
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Introduction Our Abstract Domain Results & Conclusions

Analysis flow (Partition Choice)

decide partitions at each control point [Gopan, Reps, Sagiv ’05]

fixpoint computation over the abstract domain

max := A[1] ;
i := 2 ;
while i ≤ n do

if max < A[i ] then
max := A[i ]

i := i + 1

1 n
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index initializations
index expressions of arrays in guards / assignments

fixpoint computation over the abstract domain

. . . ;
while j do

. . . ;
A[j ] := . . . ;
. . . ;

i
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Analysis flow (Partition Choice)

decide partitions at each control point [Gopan, Reps, Sagiv ’05]

index initializations
index expressions of arrays in guards / assignments

I distinguish aliases !

fixpoint computation over the abstract domain

. . . ;
while j do

. . . ;
A[j ] := . . . ;
. . . ;

i

��
��
��
��

��
��
��
��j< j > j

j< j > j

i< i > i

j< j > j
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Introduction Our Abstract Domain Results & Conclusions

Example of Analysis

i := 1 ;

while i ≤ n do

A[i ] := B[i ] ;

i := i + 1

ρ µ1 µ2 µ3

1 ni

ϕ3 : i < ` ≤ nϕ1 : 1 ≤ ` < i

ϕ2 : i = ` ≤ n
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? i = 1 ⊥ > >

n1 = i
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Introduction Our Abstract Domain Results & Conclusions

Example of Analysis

i := 1 ;

while i ≤ n do

A[i ] := B[i ] ;

i := i + 1

ρ µ1 µ2 µ3

i = 1 ⊥ > >
? i = 1 ≤ n ⊥ > >

n1 = i

ϕ1 : ⊥
ϕ3 : i = 1 < ` ≤ nϕ2 : i = 1 = ` ≤ n

Discovering Properties about Arrays in Simple Programs N. Halbwachs and M. Péron - PLDI’08 - 8/10
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A[i ] := B[i ] ;
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ρ µ1 µ2 µ3

i = 1 ⊥ > >
i = 1 ≤ n ⊥ > >
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1 ni

i++
i

µ2

µ3

µ1 µ3

µ1 tC µ2 µ3
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while i ≤ n do

A[i ] := B[i ] ;

i := i + 1

ρ µ1 µ2 µ3
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i = 1 ≤ n ⊥ > >
i = 1 ≤ n ⊥ a0 = b0 >

? i = 2 ≤ n+1 a0 = b0 > >
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Introduction Our Abstract Domain Results & Conclusions

Example of Analysis

i := 1 ;

while i ≤ n do

A[i ] := B[i ] ;

i := i + 1

ρ µ1 µ2 µ3

i = 1 ⊥ > >
? 1 ≤ i ≤ 2 a0 = b0 > >

n1 i

ϕ1 : 1 ≤ ` < i

ϕ2 : i = ` ≤ n ϕ3 : i < ` ≤ n

Discovering Properties about Arrays in Simple Programs N. Halbwachs and M. Péron - PLDI’08 - 8/10



Introduction Our Abstract Domain Results & Conclusions

Example of Analysis

i := 1 ;

while i ≤ n do

A[i ] := B[i ] ;

i := i + 1

ρ µ1 µ2 µ3

i = 1 ⊥ > >
∇ 1 ≤ i ≤ n a0 = b0 > >

1 ni

ϕ3 : i < ` ≤ nϕ1 : 1 ≤ ` < i

ϕ2 : i = ` ≤ n

Discovering Properties about Arrays in Simple Programs N. Halbwachs and M. Péron - PLDI’08 - 8/10
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Introduction Our Abstract Domain Results & Conclusions

Some Results

program |{ϕp}p∈P | # slice var. in µp time (s)
avg (max)

array copy 3 0 (0) 0.02
sequence init. 4 0.8 (2) 0.05
maximum search 4 0.8 (2) 0.10
sentinel 9 0 (1) 0.21
first not null 13 0 (1) 2.25
insertion sort 4-10 4.6 (11) 5.38
find (quicksort) 14 6.7 (14) 22.87

Prototype tool written in Ocaml

LN = LC = potential constraints (DBM)
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Good results on one-loop programs
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A longstanding challenge in array bound checking

A[n] := x ; i := 1 ;
while A[i ] 6= x do

i := i + 1

{1 ≤ i ≤ n ∧ A[i ] = x
∧ (∀`, 1 ≤ ` < i ⇒ A[`] 6= x)}
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Reasonable results on relatively intricate multi-loops program

sensitive to: number of slices + shift variables
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Conclusions

Achievements

fully-automatic discovery of properties on array contents

Future work

extend the class of simple programs
I loops with steps, recursivity

handle more expressive properties
I non convex slices

new analysis for the multiset of contents of arrays
I domain for multi-sets
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